Let w T ptq and w Ω pωq be functions defined for t P R and ω P R respectively, where R " p´8, 8q. The functions w T ptq and w Ω pωq are assumed to be non-negative everywhere and bounded away from zero outside some sets of finite Lebesgue measure. Moreover some regularity conditions are posed on the these functions. Under these regularity conditions, the functions w T and w Ω are locally bounded and grow not faster than exponentially. We associate the inner product space H w T ,w Ω with the functions w T and w Ω .
1 The space H w T ,w Ω .
The space L
2 p p pR R R, wp p pξdξ.
Let wpξq be a function defined for all ξ P R. In what follow we always assume that wpξq satisfies the conditions: 0 ď wpξq ă 8, @ ξ P R.
(1.1)
A function wpξq satisfying the condition (1.1) is said to be the weight function.
We interpret the variable ξ either as the time variable t, or as the frequency variable ω. DEFINITION 1.1. We associate the space L 2 pR, wpξqdξq with the weight function wpξq. This is the space of all functions xpξq which are defined dξ-almost everywhere on R, take values in the set C and satisfy the condition }xpξq} L 2 pR,wpξqdξq ă 8, .
(1.2b)
The functions x 1 pξq and x 2 pξq such that }x 1 pξq´x 2 pξq} L 2 pR,wpξqdξq " 0 determine the same element of the space L 2 pR, wpξqdξq.
The space L 2 pR, wpξqdξq is an inner product vector space. If x 1 , x 2 P L 2 pR, wpξqdξq, then the inner product xx 1 , x 2 y L 2 pR,wpξqdξq is defined as xx 1 , x 2 y L 2 pR,wpξqdξq " ż R x 1 pξqx 2 pξqwpξqdξ .
( 1.3)
The inner product (1.9) generates the norm (1.2b): }x} 2 L 2 pR,wpξqdξq " xx, xy L 2 pR,wpξqdξq , @ x P L 2 pR, wpξqdξq.
Fourier transform.
For a complex-valued function x defined on R, its Fourier transformx iŝ xpωq " ż R xptqe´2 πiωt dt , ω P R.
(1.4a)
For a complex-valued function y defined on R, its inverse Fourier transformy iš yptq " ż R ypωqe 2πitω dω , t P R.
(1.4b)
The transforms (1.4a) and (1.4b) are mutually inverse:
if y "x, than x "y.
(1.4c)
The Fourier transform and the inverse Fourier transform can be considered as operators F and F´1 acting in L 2 pRq:
Fx "x , (1.5a) F´1y "y .
(1.5b)
The Fourier operator F is well defined for x P L 2 pR, dtq and maps the space L 2 pR, dtq onto the space L 2 pR, dωq isometrically: the Parseval equality
holds.
The equalities (1.5) can be expressed as
where I T and I Ω are the identity operators in the spaces L 2 pR, dtq and L 2 pR, dωq respectively.
Definition of the space H w T ,w Ω .
Let w T ptq and w Ω pωq be two weight functions defined for t P R and ω P R respectively. We associate the spaces L 2 pR, w T ptqdtq and L 2 pR, w Ω pωqdωq with these weight functions. DEFINITION 1.2. Let weight functions w T ptq and w Ω pωq be given. The space H w T ,w Ω is defined as the set of all those xptq P L 2 pR, dtq for which xptq P L 2 pR, w T ptqdtq andxpωq P L 2 pR, w Ω pωqdωq, (1.8a)
wherexpω is the Fourier transform of the function xptq:x " Fx. Equivalently The space H w T ,w Ω is defined as the set of all those ypωq P L 2 pR, dωq for which
whereyptq is the inverse Fourier transform of the function ypωq:y " F´1y.
The space H w T ,w Ω is an inner product space. If x 1 , x 2 P H w T ,w Ω , then the inner product xx 1 , x 2 y Hw T ,w Ω is defined as
In particular, the expression }x} 2 Hw T ,w Ω for the square of norm of x P H w T ,w Ω is Thus for the weight functions of the form (1.11),
So for the weight functions of the form (1.11), the space H w T ,w Ω is the Sobolev space W pnq 2 .
1.4 The non-degeneracy condition. DEFINITION 1.3. The weight functions w T ptq satisfy the non-degeneracy condition if there exist number ε T ą 0 such that the set E T " tt : w T ptq ă ε T u is of finite Lebesgue measure: mes E T ă 8. The weight functions w Ω pωq satisfy the non-degeneracy condition if there exist number ε Ω ą 0 such that the set E Ω " tt : w Ω pωq ă ε Ω u is of finite Lebesgue measure: mes E Ω ă 8. THEOREM 1.1. If both weight functions w T and w Ω satisfy the non-degeneracy conditions, then the the inequality }x} 2 L 2 pR,dtq ď B}x} 2 Hw T ,w Ω (1.12) holds for every x P H w T ,w Ω , where B ă 8 is a constant which does not depend on x.
Proof. In [Naz] F. Nazarov proved the remarkable inequality ż
where x is an arbitrary function from L 2 pRq,x is the Fourier transform of the function x, E and F are arbitrary subsets of R, and A, 0 ă A ă 8, is an absolute constant. (The value A does not depend on x, E, F .) We apply the Nazarov inequality (1.13) to the sets E " E T , F " E Ω which appear in Definition 1.3 and to an arbitrary function x P H w T ,w Ω . Since ε T ď w T ptq for t P RzE T and ε Ω ď w Ω pωq for ω P RzE Ω , the inequalities ż
hold. Combine these inequalities with (1.13), we come to the inequality (1.12).
hold, where B is the same constant that in (1.12).
THEOREM 1.2. If both weight functions w T ptq and w Ω pωq satisfy the nondegeneracy conditions, then the space H w T ,w Ω provided by the norm (1.10) is complete.
Proof. Let tx n u n be a Cauchy sequence of elements from H w T ,w Ω , that is
From the inequality (1.12) and from the Parseval equality it follows that
Since the space L 2 pR, dtq is complete, there exists x P L 2 pR, dtq such that
In view of the Parseval equality,
According to well known results from the measure theory 2 , we can select an increasing subsequence tn k u of natural numbers such that
(1.15a) x n k pωq Ñxpωq as k Ñ 8 dω-almost everywhere on R.
(1.15b)
Since a Cauchy sequence is bounded, ż
where C does not depend on k. Using (1.15) and Fatou's Lemma, we conclude that ż
Given ε ą 0, we choose Kpεq ă 8 such that
Using (1.15), we pass to the limit as l Ñ 8 in the last inequality. By Fatou's Lemma, we obtain ż
Hw T ,w Ω ď ε 2 .
The regularity condition.
In what follows we impose some regularity condition on the weight function wpξq. In particular, this regularity condition ensure that the shift operator T h is a bounded operator in the space L 2 pR, wpξqdξq for each h P R. The regularity condition is formulated un terms of the value M w pδq which can be interpreted as the multiplicative modulus of continuity (m.m.c.) of the weight function wpξq. DEFINITION 1.4. Let wpξq be a weight function satisfying the condition
(1.16)
The multiplicative modulus of continuity M w pδq of the weight function wpξq is defined as
The function M w pδq may take the value 8: M w pδq ď 8 for δ P r0, 8q. . REMARK 1.3. Under the condition (1.16), the function w´1pξq " 1{wpξq also is a weight function. From (1.17) it is clear that multiplicative modules of continuity of these weight functions coincide:
(1.18) REMARK 1.4. The function M w pδq is not necessarily continuous with respect to δ.
LEMMA 1.1. For any 3 weight function wpξq, its multiplicative modulus of continuity M w pδq possesses the properties
2. The function M w pδq increases with respect to δ:
( 1.21) 3. The functions M w is submultiplicative:
From (1.20) and (1.23) it follows that only two (mutually exclusive) possibilities. can happen:
Either M w pδq ă 8 @ δ P R`, or M w pδq " 8 @ δ P R`. DEFINITION 1.5. The weight functions wpξq satisfies the regularity condition if
(1.24b) REMARK 1.5. If the regularity condition for a weight functions wpξq is satisfied, than its multiplicative continuity modulus M w pδq is locally bounded and grow not faster then exponentially with respect to δ. Moreover the estimate
holds, where C w and µ w are some constants, 0 ă C w ă 8, 0 ď µ w ă 8.
The estimate (1.25) can be easily derived from (1.23).
Choosing ξ 1 " ξ, ξ 2 " 0 in (1.17), we obtain the estimate wpξq ď wp0qM w p|ξ|q, @ ξ P R.
(1.26)
Comparing (1.25) and (1.26), we obtain the estimate of the weight function wpξq from above: wpξq ď wp0q C w exppµ w |ξ|q, @ ξ P R.
(1.27)
Taking into account Remark 1.3, we obtain the estimate of the weight function wpξq from below:
The constants C w and µ w in (1.27) and (1.28) are the same that in (1.25).
In what follows, we impose the regularity conditions on the weight functions 1`w T ptq and 1`w Ω pωq, where w T and w Ω are the same weight functions which appear in the definition 4 of the space H w T ,w Ω . These regularity conditions imply the estimates
1.6 The shift operator. DEFINITION 1.6. For a function xpξq defined for ξ P R and for a number h P R, the shifted function pT h xqpξq is defined as a function
of the variable ξ. The number η is considered as a parameter, the so called shift parameter.
LEMMA 1.2. Let wpξq be a weight function which satisfy the regularity condition 5 .Then 1. For each value η P R of the shift parameter, the shift operator T η is a bounded operator in the space L 2 pR, wpξqdξq. The inequality
holds for every xpξq P L 2 pR, wpξqdξq and every η P R, where M w pηq is the multiplicative continuity modulus of the weight function w.
2. The operator function T η : L 2 pR, wpξqdξq Ñ L 2 pR, wpξqdξq is strongly continuous with respect to η:
Changing variable ξ´η Ñ ξ, we obtain
According to Definition 1.4, the inequality wpξ`ηq ď wpξqM w p|η|q holds. Combining this inequality with the previous equality, we obtain (1.31).
2. Given a function xpξq P L 2 pR, wpξqdξq and ε ą 0, we can split the function x into the sum xptq " ϕptq`rptq, where ϕ is a continuous function with a compact support, and }r} L 2 pR,wpξqdξq ă ε.
Since the function ϕ is continuous and has compact support and the weight function w T is locally bounded,
According to (1.31),
Since ε ą 0 can be arbitrary small, the limiting relation (1.32) holds.
1.7 On integration of L 2 p p pR R R, wp p pξdξ-valued functions.
Let Xpξ, ηq be a function of two variables pξ, ηq P R 2 , DpXq is the domain of definition of Xpξ, ηq, Xpξ, ηq : DpXq Ñ C. We assume that the function Xpξ, ηq is defined for almost every pξ, ηq P R 2 with respect to the two-dimensional Lebesgue measure dξdη: ĳ
For η P R, let D η pXq be the η-section of the set DpXq:
For ξ P R, let D ξ pXq be the ξ-section of the set DpXq:
The sets D η pXq and D ξ pXq are domains of definition of the functions X η pξq and X ξ pηq respectively. For η P R, the η-section X η pξq of the function Xpξ, ηq is defind as
For ξ P R, the ξ-section X ξ pηq of the function Xpξ, ηq is defind as
(1.36)
For any η P R, the set D η pXq is the domain of definition of the function X η pξq. From (1.33) and Fubini's Theorem it follows that ż Rˆż RzDη
First of the equalities (1.37) means that for dη-almost every η P R, the η-section X η pξq of the function Xpξ, ηq is defined for dξ-almost every ξ P R. The second one means that for dξ-almost every ξ P R, the ξ-section X ξ pηq of the function Xpξ, ηq is defined for dη-almost every η P R.
In particular, the value }X η pξq} L 2 pR,wpξqdξq is well defined for dη-almost every η P R: 0 ď }X η pξq} L 2 pR,wpξqdξq ď 8, for dξ´almost every ξ P R.
(1.38)
The following Lemma is related to integration of functions which values are elements of the inner space product L 2 pR, wpξqdξq. into the previous inequality, we obtain the inequality ż
which holds for each r satisfying (1.42). Taking sup over all such r, we come to the inequality
If (1.39) holds, then also }mpξq} L 2 pR,wpξqdξq ă 8. In particular, under the conditions (1.16), (1.39), the inequality mpξq ă 8 holds for dξ-almost every ξ P R. So the integral (1.40) exists for dξ-almost every ξ P R. Since |Y pξq| ď mpξq, the inequality (1.41) holds.
Approximative Identities.
Our proof of the completeness of Gaussians in the space H w T ,w Ω is based on some approximation procedure. In this approximation procedure two families of operators play role: the family tI α u αPR`o f integral operators and the family tM α u αPRò f multiplication operators. The kernels of integral operators tI α u αPR`i nvolves the functions tG α pηqu αPR`:
The functions G α pηq posses the properties:
3. For each µ P R`and δ P R`,
where T η is the shift operator defined by (1.30).
2. The operator M α : L 2 pR, wpξqdξq Ñ L 2 pR, wpξqdξq is defined as
(1.46) LEMMA 1.4. Let wpξq be a weight function which satisfy the regularity condition 7 . Then 1. For each α ą 0, the operator I α is a bounded operator in the space L 2 pR, wpξqdξq, and the estimate
holds, where M w is the multiplicative modulus of continuity 8 of the weight function w. In particular,
(1.48) where C w and µ w are the same that in (1.25).
2. The family tI α u αPR`i s an approximative identity in the space L 2 pR, wpξqdξq:
Proof.
1. We apply Lemma 1.3 to the function Xpξ, ηq " G α pηqpT η xqpξq. According to Lemma 1.2, the inequality (1.31) holds. This inequality implies the estimate for L 2 pR, wpξqdξq-norm of η-sections X η pξq of the function X:
The inequality (1.47) is a consequence of the last inequality. Using the estimate (1.25) for M w , we come to the inequality (1.48).
2. In view of (1.44b),
Let us fix xpξq P L 2 pR, wpξqdξq. According to Lemma 1.3,
By statement 2 of Lemma 1.2, for any ε ą 0 there exists δ ą 0, δ " δpε, xq, such that }pT η xqpξq´xpξq} L 2 pR,wpξqdξq ă ε if |η| ă δ.
(1.51)
Splitting the integral in the right hand side of (1.50) into the sum of integrals taken over p´δ, δq and Rzp´δ, δq, we obtain Since ε ą 0 is arbitrary, (1.49) holds.
LEMMA 1.5. Let wpξq be a weight function which satisfy the regularity condition. Then each of the two families tM α I α u αPR`a nd tI α M α u αPR`o f operators is an approximative identity in the space L 2 pR, wpξqdξq:
Proof. From (1.48) it follows that the family of operators tI α u αPr1,8q is uniformly bounded: sup
}I α } L 2 pR,wpξqdξqÑL 2 pR,wpξqdξq ă 8.
( 1.55) The operator M α is contractive for any α P R`:
In particular, the family tM α I α u αPR`i s uniformly bounded.
In Lemma 1.4 we established that the family tI α u αPR`i s an approximative identity in the space L 2 pR, wpξqdξq:
where I is the identity operator in the space L 2 pR, wpξqdξq and convergence is the strong convergence in this space. It is clear that the family tM α u αPR`a lso is an approximative identity in the space L 2 pR, wpξqdξq:
where convergence is the strong convergence in L 2 pR, wpξqdξq. The assertion of Lemma 1.5 follows now from the equalities
2 The completeness of a system of Gaussians in the space H w T ,w Ω .
DEFINITION 2.1. For each α P R`and τ P R, the Gaussian g α,τ is a function g α,τ ptq " ? α exp`´παpt´τ q 2 q˘(2.1) of the variable t P R. The Gaussians form a two-parametric family tg α,τ u α,τ of functions on R which is parametrized by the parameters α P R`and τ P R.
The Fourier transform y g α,τ pωq of the Gaussian g α,τ ptq is
LEMMA 2.1 (I.Schur). For a function Kpt, τ q, t P R, τ P R of two variables, let as define the values
If the condition
exists and admits the estimatěˇˇˇĳ
Proof. The integral (2.5) exists if ĳ RˆR |f ptq| |Kpt, τ q| |gpτ q| dtdτ ă 8. Applying
Cauchy-Schwarz inequality for double integral and Fubini Theorem, we obtain:
, THEOREM 2.1. We assume that:
1. The weight functions w T and w Ω satisfy the non-degeneracy conditions, (Definition 1.3);
2. The weight functions 1`w T and 1`w Ω satisfy the regularity conditions, (Definition 1.5).
Then
1. Each Gaussian g α,τ belongs to the space H w T ,w Ω .
2. The functional family tg α,τ u α,τ , where α runs over R`and τ runs over R, is complete 9 in the space H w T ,w Ω .
Proof. 1. From (2.1), (2.2) and (1.29) it is evident that ż
2.
Step 1. According to Theorem 1.2, the inner product space H w T ,w Ω is compete. Given f P H w T ,w Ω , we have to prove that from the orthogonality condition
it follows that xf, f y Hw T ,w Ω " 0. According to (1.9), (2.1), (2.2), the condition (2.7) can be presented in the form ż
Is appropriate to recall
We multiply the equality (2.8) with e´π α τ 2 f pτ q and integrate by the measure dτ over R.
Step 2. Let us proof the existence of the iterated integral ż Rˆż R f ptq ? αe´π αpt´τ q 2 w T ptqdt˙e´π α τ 2 f pτ qdτ (2.11) which appears as the first summand of (2.10). Using the inequality
which follows from (1.29a), we obtain the inequality ĳ
12) where the kernel K T is of the form
(The constants C T and µ T are the same that in (1.29a).) By direct calculation,
So, the kernel K T pt, τ q admits estimate
From the last inequality, the estimates
hold, where
Applying Lemma 2.1 to the kernel K T pt, τ q, (2.13), we come to the inequality ĳ
Therefore the double integral in the left hand side of (2.12) is finite for every α P R`and for every f P L 2 pR, dtq, in particular, for every f P H w T ,w Ω .
By Fubini's Theorem, the iterated integral (2.11) exists. Moreover we can interchange the order of integration in this integral:
Changing the variable τ Ñ t´τ in the inner integral of the right hand side of the previous equality, we come to the equality
In other words, ż
where I α and M α are the operators which were introduced in Definition 1.7.
Since f P H w T ,wω , the inclusion (2.9a) holds. According to Lemma 1.5, the family tI α M α u αÑ8 is an approximative identity in L 2 pR, p1`w T ptqqdtq:
All the more,
for f which appears in (2.14).
Comparing the last equality with (2.14), we conclude that
Step3. Let us elaborate the second summand in (2.10), i.e. the expression ż Rˆż Rf pωqe´π α ω 2 e 2πiτ ω w Ω pωqdω˙e´π α τ 2 f pτ qdτ.
(2.16)
Using the inequality
which is the inequality (1.29a), we obtain ĳ RˆR |f pωq|e´π α ω 2 w Ω pωqe´π α τ 2 |f pτ q| dωdτ ď ĳ RˆR |f pωq|K Ω pω, τ q|f pτ q| dωdτ, (2.17)
where the kernel K Ω is of the form
(2.18)
the kernel K Ω pω, τ q, (2.18), admits two estimates:
where
Applying Lemma 2.1 to the kernel K Ω pω, τ q, (2.18), we come to the inequality ĳ RˆR |f pωq|K Ω pω, τ q|f pτ q| dtdτ ď a
Therefore the double integral in the left hand side of (2.17) is finite for every α P R`and for everyf P L 2 pR, dωq, i.e. f P L 2 pR, dτ q, in particular, for every f P H w T ,w Ω . By Fubini's Theorem, the iterated integral (2.16) exists. Moreover we can interchange the order of integration in this integral:
The Fourier Transform of the exponential e´π α τ 2`2 πiωτ , considered as a function of the variable τ , is ż
In view of the Parseval equality, ż R e´π α τ 2`2 πiωτ f pτ qdτ "
Thus the iterated integral in the right hand side of (2.20) takes the form
Comparing the last equality with (2.20), we see that
Changing the variable λ Ñ ω´λ in the inner integral of the right hand side of the previous equality, we come to the equality
In other words, ż Rˆż Rf
where I α and M α are the operators which were introduced in Definition 1.7. Since f P H w T ,wω , the inclusion (2.9b) holds. According to Lemma 1.5, the family tM α I α u αÑ8 is an approximative identity in L 2 pR, w Ω pωqdωq:
Takingf pωq as ypωq in the last equality and comparing with the equality (2.21), we conclude that
Step 4. Taking into account the limiting relations (2.15) and (2.22), we pass to the limit in the equality (2.10) as α Ñ 8. We obtain that xf, f y L 2 pR,w T ptqdtq`xf ,f y L 2 pR,w Ω pωqdωq " 0 , i.e xf, f y Hw T ,w Ω " 0 .
(2.23) 3 A generalization.
The system of Gaussians is of the form g α,τ ptq " α gpαpt´τ qq, We established that under certain non-degeneracy and regularity conditions imposed on the weight functions w T and w Ω the system of Gaussians g α,τ , where α runs over R`and τ runs over R, is a complete system in the space H w T ,w Ω . However our reasoning remains true for more general functions gptq than the function (3.2). Let us formulate the appropriate generalization. As before, we assume that the weight functions w T and w Ω satisfy the nondegeneracy condition (Definition 1.3). We assume also that the functions 1`w T ptq, 1`w Ω pωq satisfy the regularity conditions (Definition 1.5). In our formulation, the modules of continuity M 1`w T , M 1`w Ω (Definition 1.4) corresponding to to the weight functions 1`w T , 1`w Ω appear. THEOREM 3.1. We assume that a function g : R Ñ C, g P L 1 pR, dtq, is given which satisfy the conditions ż For each α P R`, τ P R, the function gpαpt´τbelongs to the space H w T ,w Ω .
2. The system of functions tgpαpt´τ qqu α,τ , where α runs over R`, τ runs over R, is a complete system in the space H w T ,w Ω .
Comments.
1. The conditions (3.3) ensure that the operator family tI α u αPR`( Definition 1.7) is an approximative identity in each of the spaces L 2 pR, w T ptqdt and L 2 pR, w Ω pωqdω. 2. Since M w pηq ě 1 for any weight function w, the condition (3.5a) implies that ş R |ĝpηq| dη ă 8.
Hence sup ηPR |gpηq| ă 8. From (3.4a) it follows now that gpαpt´τP L 2 pR, w T ptqdtq for each α P R`, τ P R. From (3.5) it follows that gpα´1ωq P L 2 pR, w Ω pωqdωq for each α P R`. Thus the function gpαpt´τbelongs to the space H w T ,w Ω for each α P R`, τ P R.
3. The conditions (3.4) are used to prove the convergence of the double integral analogous to the integral in (2.12). 4. The congitions (3.5) are used to prove the convergence of the double integral analogous to the integral in (2.17).
